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Abstract

In this work, we focus on framed slotted Aloha (FSA) and passive ultra high-frequency radio frequency identification
multi-antenna systems with physical layer collision recovery. We modify the tags slightly by adding a so-called
‘postpreamble’ that facilitates channel estimation. Furthermore, we investigate the throughput performance of
advanced receiver structures in collision scenarios. More specifically, we analyse the throughput of FSA systems with
up to four receive antennas that can recover from a collision of up to eight tags on the physical layer and
acknowledge all tags involved in that collision. Due to the higher collision recovery capabilities, the frame sizes can be
significantly reduced, and thus, the throughput can be increased. We also derive analytically optimal frame sizes,
given that a certain number of collisions can be resolved. We further study the constraints to the throughput due to
the structure of our receiver and channel estimation for different collision scenarios. Furthermore, we propose a novel
collision recovery method with two phases: first, a successive interference cancellation and, second, a projection of
the constellation into the orthogonal subspace of the interference. Additionally, the inventory time, i.e. the number of
slots necessary to successfully decode all tags in the reader range, is calculated and compared for different receiver
types. A validation of our theoretical predictions is achieved by means of simulations. We show that by our proposed
methods, we can realistically achieve more than ten times higher throughput or, equivalently, a reduction of the
inventory time by more than 90%.

1 Introduction
Usually, several radio frequency identification (RFID) tags
operate within a coverage area of an RFID reader. For
the efficient scheduling of tag transmissions, framed slot-
ted Aloha (FSA) or binary tree protocols are used on the
medium access control layer. Our focus is on passive ultra
high-frequency (UHF) RFID systems and FSA as defined
in the EPCglobal standard [1]. If multiple tags respond
simultaneously, a collision at the air interface occurs. The
standard collision detection mechanism regards this as a
destructive event and discards the information. Thus, only
slots in which one tag is active can be decoded successfully
[2]. This determines the maximal throughput per slot for
an FSA system. The maximum throughput value of 0.368
is achieved when the inventory frame size F is equal to the
tag population size N.

1.1 Related work
To overcome such limitations, different research groups
are working on collision arbitration protocols and
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collision recovery procedures. Knerr et al. in [3] formu-
lated a maximum likelihood estimator to yield the esti-
mated number of tags on a slot-wise basis. Their method
can be applied for an immediate update of the frame
size, during the frame duration, according to the proba-
bility level of the current slot-by-slot estimate. Yu et al. in
[4] proposed an anti-collision algorithm based on smart
antenna technology, which leads to the use of the space
division multiple access in RFID systems. They divided
the reader coverage area into several subspaces and used
an FSA or a binary tree search in each sector, but they
did not recover from collisions. If readers with collision
recovery (CR) features are available, slots with colliding
tags can also be decoded successfully, and the through-
put increases further. Knowing the maximum number of
collisions that can be resolved by a certain receiver archi-
tecture, the frames can be reduced which results in further
throughput enhancement and smaller inventory times. A
practically working CR on a physical layer with a single
antenna reader receiver with two colliding tags in one
slot is demonstrated in [5]. With such reader, Angerer et
al. obtained an expected throughput increase of approxi-
mately 60%. In [6,7], the authors derived a single antenna
detection scheme for the simultaneous transmission of
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two tags using a memory-assisted detection of collided
FM0 signals. Furthermore, they calculated an inventory
time reduction of 8% to 17% when a two-tag detection
and collision recovery is utilized. In [8], De Donno et
al. showed, by experiments, that performances of con-
ventional RFID systems can be considerably enhanced by
using collision recovery in case of two colliding tags. The
authors achieved an inventory time reduction of 26% in
actual measurements taken with a software-defined RFID
reader and off-the-shelf programmable tags. In [9], Kim et
al. presented an improved binary tree collision arbitration
protocol that decreases the number of retransmissions
and reduces the identification delay by exploiting mul-
tiple antennas at the reader. Theoretical calculations of
the FSA system throughput for the reader with physi-
cal layer collision recovery were performed in [10], and
a significant increase is shown. Additionally, the authors
proved a single antenna receiver with a channel estima-
tion procedure for recovering from a two-tag collision to
work in practice. Moreover, they have shown that multi-
ple antenna receivers with perfect channel knowledge are
capable of recovering from a collision of R ≤ M tags.
Here, M denotes the so-called collision recovery factor,
that is the maximum number of colliding tags a reader
can resolve under best circumstances. It is directly related
to the number of receive antennas NRA. In [10], it was
conjectured that M = NRA. In [11], the single antenna
receiver was further extended, and a 2.6-fold throughput
increase compared to a conventional reader was achieved
with four receiving antennas. Such reader is capable of
recovering from a collision of R ≤ M = 2NRA tags in
a slot and to acknowledge one out of them. Such per-
fect CR scheme comes with a caveat, though: at least
a moderate channel estimate for each tag is required.
Since a tag signal, modelled according to EPCglobal, is
not suitable for channel estimation in collision scenar-
ios, in [12], we have proposed a modified tag response
that can be used for channel estimation. This modifica-
tion requires minor changes in the standard by adding
a so-called ‘postpreamble’ sequence. A collision recovery
from a scenario in which all tags involved in the collision
have different, unique ‘postpreambles’ is considered, and
excellent channel estimation results are obtained. More-
over, in [12], we have identified a potential throughput
increase of more than five times in the case of a reader
that can recover from a collision of up to eight tags in
one slot and acknowledge two of them. Fyhn et al. showed
that channel fading, the difference in delay and the tag
frequency dispersion can be used for easier separation of
colliding signals in a multipacket receiver in [13]. In [14],
Ricciato et al. achieved a 20% to 25% gain in throughput by
applying inter-frame successive interference cancellation
(ISIC) with respect to traditional intra-frame SIC. Myung
et al. elaborated frameless binary splittingmethods in [15].

Their results show that adaptive binary splitting reduces
delay and tag communication overhead for the tag reading
process. In [16], a theoretical study on collision recovery
binary tree algorithm is proposed, and a closed form for
calculating system efficiency is derived.

1.2 Contribution
This work is focused on the analysis of the theoretical
throughput of an FSA system and its associated con-
straints. In this paper, we investigate the influence of a
tag signal modification by adding postpreambles, we anal-
yse the receiver structure and CR properties and compare
obtained results to their theoretical throughput. The col-
lision recovery is performed with receivers that perform
channel estimation using a small (C = 8) set of post-
preambles. Since the distribution of the postpreamble in
the colliding tags is random, different collision scenarios
need to be considered. In this contribution, we deviate
from some optimal prior assumptions and study the per-
formance on more feasible constraints, including a fixed
set of postpreambles, additive noise impacting the chan-
nel estimation and collision recovery as well as collision
detection algorithms with limited quality. We compare
our results with the performance of an EPC protocol
compliant reader (so-called conventional reader).
The remainder of the paper is organized as follows:

Section 2 provides a brief introduction into themathemat-
ical modelling of RFID transmissions and provides a basis
for our advanced algorithms. The theoretical through-
put of FSA systems and its associated constraints are
analysed in Section 3. In Section 4, we introduce a recov-
ery procedure from a collision in which two tags use
the same postpreamble and explain our two-step recov-
ery approach. Section 5 provides a performance analysis
by means of simulations where we validate our previous
predictions, and the last section concludes the paper.

2 RFIDmulti-antenna reader
Figure 1 depicts a typical communication between a sin-
gle reader equipped with one transmit and NRA receive
antennas, and N tags. In passive RFID systems, a tag
is powered by the reader with energy in the form of a
continuous carrier transmission. For communicating with
the reader, tags apply backscatter modulation. In [17,18],
the authors proposed a two-way Rician channel model
for RFID scenarios based on carried out channel mea-
surements. They also showed that since the Rician factor
strongly depends on the environment, a better fit to the
measurement data was achieved by applying a double
Rayleigh distribution. Thus, we assume that our channel
is a double Rayleigh fading channel and is modelled as
a multiplication of a forward channel hfj and a backward
channel hbi,j as explained in [11,19]. In case when R tags
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Figure 1 Communication between a single reader equipped with one transmit andNRA receive antennas, and N tags [12].With
permission of the IEEE.

respond simultaneously in one slot, the baseband signal at
the receive antenna i is as follows:

rc,i(t) =
R∑
j=1

hfj h
b
i,jaj(t) + ni(t), i = 1, ..,NRA, (1)

where rc,i(t) is the complex-valued received signal, ni(t) is
the noise at the ith antenna, and aj(t) denotes the mod-
ulation signal of tag j. Here, we assume that the transmit
and receive parts of a reader are perfectly isolated (there
is no carrier leakage). Since all signals, except the tag
modulation signal, are complex values, we can double the
number of equations by splitting Equation (1) in real �{·}
and imaginary part �{·}. This allows the recovery from a
collision of R ≤ M tags, where M = 2NRA denotes the
collision recovery factor.
For collision recovery using multiple receive antennas,

a minimum mean square error (MMSE) receiver is pro-
posed in [11]. The signal at the output is as follows:

âMMSE(t) =
(
ĤTĤ + σn

2IR
)−1

ĤT
(
r(t) − Ĥā(t)

)
,

(2)

where Ĥ =
[
�
{
Ĥc
}

�
{
Ĥc
}]T

is the 2NRA × R esti-
mated real-valued channel matrix, and ĤT denotes its
transpose. Furthermore, r(t) = [� {rc(t)} � {rc(t)}]T is
the 2NRA × 1 real-valued column vector of the received
signal, IR denotes the R×R identity matrix, σ 2

n is the noise
power and ā(t) = E{a(t)} = 1

2 due to the on-off keying
modulation. For convenience, in Table 1, an overview of
the most important parameters and terms in this paper

is listed. There, small bold terms indicate vectors, while
those in capital indicate matrices.
According to the EPCglobal standard for UHF RFID [1],

a tag response to the Query command is composed of a
preamble and an RN16 signature. Since all tags use the

Table 1 Most commonly used symbols and parameters

Variable Description

NRA Number of receiving antennas

M = 2NRA Collision recovery factor / number of

tags the reader is capable of resolving

J Maximum number of tags

the reader acknowledges

JC Maximum number of tags with

colour C the reader acknowledges

R ∈ [0..N] Number of tags active in the same slot

RC ∈ [0.. NC ] Number of tags per slot

with colour C

j ∈ [1..R] Tag index per slot for R > 0

i ∈ [1..NRA] Receive antenna index

rc(t) Received signal vector ∈ C
NRA×1

Hc Channel matrix ∈ C
NRA×R

a(t) Modulation vector ∈ R
R×1

N Number of tags within the reader range

F Number of slots in a frame

ri[ k] Sample of the received signal from ith antenna

taken within duration of the first preamble bit t1bit

sl Collision scenario l = 1, 2, . . . , S(R)
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Table 2 Set of postpreambles [12], with permission of the
IEEE

Sequence Postpreamble

p1 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0

p18 1 0 1 0 1 0 1 1 0 1 0 1 0 1 0 0

p69 1 0 1 1 0 1 0 1 0 1 0 0 1 0 1 0

p86 1 0 1 1 0 1 0 0 1 0 1 1 0 1 0 0

p171 1 1 0 1 0 0 1 0 1 1 0 1 0 0 1 0

p188 1 1 0 1 0 0 1 1 0 0 1 0 1 1 0 0

p239 1 1 0 0 1 1 0 1 0 0 1 1 0 0 1 0

p256 1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0

same preamble and the RN16 is a 16 bit-random num-
ber, it cannot be used for channel estimation in a general
multi-user setup. To overcome this hurdle, in [12], we
proposed a modification of the tag response by adding a
postpreamble. The set of the postpreambles is shown in
Table 2. As explained in [12,20], postpreambles of collid-
ing tags are designed to form a set of mutually orthogo-
nal sequences SM so that optimal channel estimates are
obtained using a least squares (LS) estimator [12]:

Ĥc = rpp(t) · SH

M

(
SMSHM

)−1 . (3)

Here, rpp(t) ∈ C denotes the part of the received signal
containing the postpreamble.

3 FSAwith CR
FSA is an interrogation scheme, and it is used for schedul-
ing the transmission of tags. Our focus is on FSA as
defined in the second-generation EPCglobal standard for
passive UHF RFID [1]. Through the Query command,
the reader announces the beginning of the frame and the
frame duration (number of slots in a frame). Tags ran-
domly choose slots for transmission. For a conventional
reader without CR, only slots without a collision can be
decoded successfully, and it is well known that the maxi-
mal throughput is achieved when the frame size F is the
same as the tag population size N. If more than one tag
is active in one slot, a collision at the air interface occurs
and the entire slot is discarded. With CR capable read-
ers, and some changes in the protocol, it is possible to use
the information from slots with a collision to increase the
throughput together with shorter frame sizes.
In order to evaluate the performance of FSA systems

with CR, theoretical bounds are calculated in the fol-
lowing. These bounds are determined by the receiver
structure, the tag signal modification and the channel
estimation. Furthermore, we denote the number of simul-
taneously acknowledged tags as J. The maximum number
of J is given by M, but J can also be limited by the
standard (the current standard only allows for J = 1)
and/or the capabilities of the receiver technique. By intro-
ducing such a variable J, we can study beforehand the
expected throughput improvements and later compare
with the true achievable values of J based on our receiver
capabilities.
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Figure 2 Theoretically expected throughput per slot curves constrained with receiver structure. Expected throughput as a function of slots
per tag population F/N for J = M = 2NRA acknowledgements following Equation (4) [21], with permission of the IEEE.
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Table 3 Maximal theoretical throughput per slot
constrained with receiver structure [21], with permission
of the IEEE

System Fopt/N Tps RTps

M = 1 J = 1 1 0.368 1.000

M = 2 J = 2 0.618 0.841 2.285

M = 4 J = 4 0.339 1.944 5.283

M = 8 J = 8 0.173 4.479 12.171

The table shows the optimal ratio Fopt/N, maximal theoretical throughput per
slot constrained with receiver structure and its relative improvement (see
Appendix 1 for more details).

3.1 Throughput constrained with receiver structure
Themaximal theoretical throughput per slot, obtained for
an optimal reader that can recover from a collision of R ≤
M = 2NRA tags and can acknowledge (J = M) in the case
of perfect channel knowledge [21], reads as follows:

TpsM =
M∑
R=1

(
N
R

)(
1
F

)R (
1 − 1

F

)N−R
R. (4)

Figure 2 shows successfully read tags per slot with
respect to the normalized frame size. The throughput
curves follow with very good agreement a simple func-
tion in the ratio F/N (see Appendix 1 for more details).
The maximal theoretical throughput per slot Tps for a
reader with different collision recovery factorM is listed in
Table 3. This maximum is obtained for the optimal frame
size Fopt, which is normalized by the tag population sizeN.
Furthermore, for each case, the relative improvement RTps
in Tps with respect to a conventional system with C = 1,
J = 1 is listed.

By assuming an optimal receiver structure and a tag
population of N = 1, 000, the maximal theoretical
throughput per slot is 4.479, achieved for a frame that con-
tains only 173 slots. However, the values obtained here
are in the case of perfect channel knowledge, which is
much higher than we can expect to achieve with a feasible
receiver. In order to recover from a collision when apply-
ing an MMSE receiver (Equation (2)), we need to esti-
mate the channel. For channel estimation, we introduce
additional postpreambles. In the following paragraph, we
investigate the influence of the tag signal modification to
the system throughput.

3.2 Throughput constrained with postpreambles
Assume that the tag response to the Query command has
been modified according to [12]. As explained there, a
postpreamble is added in order to support channel esti-
mation, and the desired case is that all tags involved in
a collision have orthogonal postpreambles to distinguish
them. For easier explanation, we will use the term ‘tags
with different colours’ to denote the tag’s property of
having different postpreambles. If we assume a uniform
distribution of postpreambles between tags in the pop-
ulation, we can view the tag population of size N as C
partitioned tag populations, each with the average size
N/C, where C is the number of different colours (number
of different postpreambles in a set) as shown in Figure 3.
Theoretically, as long as there is a tag of unique colour
among the active tags in a slot, we can differentiate the
related signal and acknowledge this tag. Even if there are
two tags with the same colour involved in a collision, we
expect to recover from that particular collision and to
acknowledge both tags by applying the projection method
proposed in [10].

p1p1 p18 p69 p86 p171 p188 p239 p256
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p171 p171 p171 p171
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Figure 3 Tag population N (left) and C partitioned populations with N/C tags each (right).
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Figure 4 Theoretically expected throughput per slot curves constrained with postpreambles. Expected throughput as a function of slots per
tag population F/N for C = {1, 8} colours and J = {1, 2} acknowledgements following Equation (5).

Now, under the assumption that we can acknowledge
up to JC tags with identical colour per slot, given the
tag population size N, the frame size F and C different
postpreambles in a set, the Tps is as follows:

TpsC = C
JC∑

RC=1

( N
C
RC

)(
1
F

)RC
(
1 − 1

F

)N
C −RC

RC , (5)

where RC denotes the number of tags per slot with identi-
cal colour.
Figure 4 shows the theoretically expected throughput

per slot curves. The throughput curves follow with very
good agreement a simple function in F/N (see Appendix 2
for more details). The first two curves, blue and green, are
simulated for a tag population size of N = 1, 000 accord-
ing to Equation (4) for J = M, while the magenta and red
curves are calculated with the partitioned tag population
of size C × N

C = 8 × 125, Equation (5). The conven-
tional receiver that can deal with just one tag transmitting
per slot and acknowledge that single tag (J = 1) is pre-
sented by the blue curve. Here, the theoretical maximum
throughput per slot is 0.368 and is achieved for the frame
size equal to the tag population size. The green curve
represents a receiver that can recover from a collision of
two tags and acknowledges both signals (J = 2). In this
case, the maximal throughput per slot is obtained for a
shorter frame size and is 0.841. Due to the shortening of
the frame by 38.2% (see Table 4), the overall throughput
is further increased by 2.285/0.618 = 3.697. For the next

two curves, we assume to have C = 8 different partitions
of tags. For the magenta curve, eight different partitions of
tags are in the reader range, and the throughput benefits
just from the existence of tags with single unique colours
that are correctly acknowledged (JC = 1), while the red
curve represents also a throughput increase due to the
recovery from a collision of pairs of colours (JC = 2). Here,
the throughput is further increased; for C = 8 and JC = 1,
the relative increase is 8.030/0.125 = 64.24, while for C =
8 and JC = 2, it is even 18.361/0.077 = 238.45. However,
due to the additional postpreamble, also a slot duration
increase of 26.67% needs to be taken into account.
Table 4 shows the optimal values of the frame size nor-

malized byN, the corresponding maximum Tps, as well as
the relative improvement in Tps with respect to a conven-
tional system with C = 1, J = 1. The last column labelled
RTpf lists the relative improvement RTpf in throughput per

Table 4 Maximal theoretical throughput per slot
constrained with postpreambles

System Fopt/N Tps RTps RTpf

C = 1 J = 1 1 0.368 1.000 1.000

C = 1 J = 2 0.618 0.841 2.285 3.697

C = 8 JC = 1 0.125 2.955 8.030 47.096

C = 8 JC = 2 0.077 6.757 18.361 174.824

The table shows optimal ratio Fopt/N , maximal theoretical throughput per slot
constrained with postpreambles Tps

C
, its relative improvement and relative

improvement in throughput per frame (see Appendix 2 for more details).
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frame with respect to a conventional system with C = 1,
J = 1 calculated as follows:

RTpf = Tpf
TpfC=1,J=1 =

Tps
Fopt · 1

G
TpsC=1,J=1

FoptC=1,J=1

=
Tps

Fopt/N · 1
G

0.368
1

. (6)

Here, we take into account shorter frames (Fopt) and the
stretching of the frames by an additional postpreamble (G)
that is required for C > 1 colour. The signal of a tag con-
sists of a preamble (6 bits), a postpreamble (8 bits) and an
RN16 (16 bit), and each bit is encoded with FM0. Thus,
the frame stretching factor is G = 6+8+16

6+16 = 1.364. In
spite of the small loss due to G, the relative improvement
RTpf can climb up to 174.8. However, such considerations
are too optimistic as the following example shows. For
NRA receive antennas, only R ≤ M = 2NRA tags can be
resolved. Consider, for example, a scenario in which each
of theC = 8 colours appears twice. Then, there are in total
R = C · RC = 16 tags in this slot, but with NRA = 4, only
eight tags can be resolved. Practically, Equation (5) needs
at least to be constrained by C · JC ≤ M. Furthermore, the
channel cannot be estimated in all collision scenarios. We
thus derive tighter bounds in the following.

3.3 Expected throughput for covered scenarios
Since colliding tags have randomly distributed postpream-
bles, several collision scenarios are possible [21]. It can
happen that all tags involved in a collision have different,
unique postpreambles (1 + 1 + . . . + 1), and in that case,
we can estimate the channel with a regular LS estimator.
However, this scenario is more rare when more tags are
involved in a collision. In Table 5, all scenarios are listed
for up to eight tags colliding in one slot together with
their probabilities. The probabilities are calculated from a
binomial distribution as explained in [21]:

Psl (R) =

D∏
d=1

(R−
d−1∑
k

Rcck
Rccd

)
C!

CR · (C − (D + U)) !

R∏
e=2

1
S(e)!

, (7)

where C is the number of postpreambles in a set (in our
application, we selected C = 8), D denotes the number of
‘colliding’ colours and Rcc

d represents the number of tags
with the same colour for d = 1, . . . ,D. Additionally, U is
the number of ‘unique’ colours. The values of D, U and
Rcc
d for d = 1, . . . ,D are determined based on the cor-

responding scenario sl (l = 1, 2, . . . , S(R)) as detailed in
Table 5.
The remaining term, S(e) is calculated as

S(e) =
D∑

d=1
1
(
Rcc
d = e

)
, e = 1, 2, . . . ,R. (8)

Here, e = 1, ..,R denotes the number of tags with the
same colour and 1(·) is an indicator function:

1(x) =
{
1 ; if x is true
0 ; else

(9)

Take for example, six tags transmitting in one slot; then,
R = 6 and just one tag is having a distinct colour U = 1,
two tags are using the same colour Rcc

1 = 2, and three tags
have an identical but different colour Rcc

2 = 3. Thus, the
number of colliding colours is D = 2. In Table 5, this is
scenario 6 (3 + 2 + 1).
Each column of Table 5 lists various collision scenarios

given a collision of R tags, and each row of Table 5 repre-
sents a different collision scenario. In the first row of the
table, scenario 1 is listed. Here, all tags involved in a colli-
sion have a different postpreamble. In the second row, we
find scenario 2, where two out of all colliding tags have the
same postpreamble while others have a different one, and
so on. Thus, for R = 2 tags active in one slot, we can dif-
ferentiate S(R = 2) = 2 scenarios; for R = 3, the number
of scenarios is S(R = 3) = 3; for R = 4, the number is
S(R = 4) = 5, and so on. The numbers in Table 5 repre-
sent the combination of tags with the same postpreamble.
Indicated by the italic digit ‘1’ are tags that can be suc-
cessfully decoded due to their occurrence of a unique
colour. Furthermore, the italic digit ‘2’ denotes those tags
with a single occurrence of the same postpreamble that
can be decoded by the projection method (scenario 2) as
explained in [21].
In Equation (4), we assumed that our reader resolves all

tags in each slot in any collision scenario up to R = M and
acknowledges J = M tags. For a reader that can detect
and acknowledge only the italic parts of the collisions of
Table 5 (we further on call this joint set the Cyan Set),
we analytically obtain the following maximal theoretical
throughput per slot:

Tpsf =
M∑
R=1

PR ·
⎛
⎝S(R)∑

l=1
Psl (R) · Rsol

sl (R)

⎞
⎠ . (10)

Here, PR is calculated as:

PR =
(
N
R

)(
1
F

)R (
1 − 1

F

)N−R
(11)

and represents the probability that exactly R tags are active
in one slot.
Now, we have taken into account the probability Psl (R)

(as listed in Table 5) of each scenario (from scenario s1
up to sS(R)) and the number Rsol

sl (R) of tags that can be
resolved in each scenario sl, l = 1, 2, .., S(R) (joint set
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Table 5 Collision scenarios for up to eight colliding tags per slot

Scenarios R = 1 R = 2 R = 3 R = 4 R = 5 R = 6 R = 7 R = 8

Unique Ps1 = 1 Ps1 = 0.875 Ps1 = 0.656 Ps1 = 0.410 Ps1 = 0.205 Ps1 = 0.077 Ps1 = 0.019 Ps1 = 0.002

1 1 + 1 1 + 1 + 1 1 + 1 + 1 + 1 1 + 1 + 1 + 1 1 + 1 + 1 + 1 1 + 1 + 1 + 1 1 + 1 + 1 + 1

1 1 + 1 1 + 1 + 1 1 + 1 + 1 + 1

Mixed scenario Ps2 = 0.125 Ps2 = 0.328 Ps2 = 0.492 Ps2 = 0.513 Ps2 = 0.385 Ps2 = 0.202 Ps2 = 0.067

2 2 + 1 2 + 1 + 1 2 + 1 + 1 + 1 2 + 1 + 1 2 + 1 + 1 2 + 1 + 1

1 + 1 1 + 1 + 1 1 + 1 + 1 + 1

Ps3 = 0.016 Ps3 = 0.041 Ps3 = 0.154 Ps3 = 0.288 Ps3 = 0.337 Ps3 = 0.252

3 2 + 2 2 + 2 + 1 2 + 2 + 1 2 + 2 + 1 2 + 2 + 1

1 1 + 1 1 + 1 + 1

Ps4 = 0.055 Ps4 = 0.103 Ps4 = 0.019 Ps4 = 0.084 Ps4 = 0.168

3 + 1 3 + 1 + 1 2 + 2 + 2 2 + 2 + 2 2 + 2 + 2

1 1 + 1

Ps5 = 0.002 Ps5 = 0.017 Ps5 = 0.128 Ps5 = 0.112 Ps5 = 0.011

4 3 + 2 3 + 1 + 1 3 + 1 + 1 2 + 2 + 2

1 1 + 1 2

Ps6 = 0.009 Ps6 = 0.077 Ps6 = 0.168 Ps6 = 0.067

4 + 1 3 + 2 + 1 3 + 2 + 1 3 + 1 + 1 + 1

1 1 + 1

Ps7 = 2 · 10−4 Ps7 = 0.002 Ps7 = 0.017 Ps7 = 0.224

5 3 + 3 3 + 2 + 2 3 + 2 + 1

1 + 1

Ps8 = 0.019 Ps8 = 0.112 Ps8 = 0.084

4 + 1 + 1 3 + 3 + 1 3 + 2 + 2

1

Ps9 = 0.003 Ps9 = 0.028 Ps9 = 0.028

4 + 2 4 + 1 + 1 3 + 3 + 1

1 1

Ps10 = 0.001 Ps10 = 0.017 Ps10 = 0.006

5 + 1 4 + 2 + 1 3 + 3 + 2

Ps11 = 3 · 10−5 Ps11 = 0.001 Ps11 = 0.028

6 4 + 3 4 + 1 + 1

1 + 1

Ps12 = 0.003 Ps12 = 0.042

5 + 1 + 1 4 + 2 + 1

1

Ps13 = 6 · 10−4 Ps13 = 0.004

5 + 2 4 + 2 + 2

Ps14 = 2 · 10−4 Ps14 = 0.006

6 + 1 4 + 3 + 1

Ps15 = 4 · 10−6 Ps15 = 1 · 10−4

7 4 + 4

Ps16 = 0.006

5 + 1 + 1 + 1

Ps17 = 0.003
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Table 5 Collision scenarios for up to eight colliding tags per slot (Continued)

5 + 2 + 1

Ps18 = 2 · 10−4

5 + 3

Ps19 = 6 · 10−4

6 + 1 + 1

Ps20 = 9 · 10−5

6 + 2

Ps21 = 3 · 10−5

7 + 1

Ps22 = 5 · 10−7

8

Collision scenarios for up to eight tags colliding in the same slot are listed in Table 5. Here, the numbers in italics of the form 2+1+1 . . . represent the number of tags
with the same postpreamble. Italic digit ‘1’ indicates single occurrences of colours; italic digit ‘2’ indicates single pairs occurring.

of italic numbers from corresponding rows of Table 5).
Theoretically expected values of the throughput per slot
are shown in Figure 5. The throughput curves follow
with very good agreement a simple function Tpsf (F/N)

(see Appendix 3 for more details). Values of the maximal
theoretical throughput per slot together with the opti-
mal frame size normalized to the tag population size are
shown in Table 6 for NRA = {1, 2, 4} receive antennas
allowing for collision recovery factors ofM = {1, 2, 4, 8}.
Comparing Tables 3 and 6, we observe that for higher

values of the collision recovery factor M, the loss in Tps
performance increases because the number of unresolved
tags becomes much higher.

4 Collision recovery procedure
Let us first consider an example by which we will explain
how the proposed successive interference canceller with
the projection concept typically works. In case when R =
4 tags are colliding and two colliding tags have the same
colour while the others have different unique colours (sce-
nario 2), the vector form of the signals received by NRA =
2 antennas [21] is as follows:

[
rpp1 (t)
rpp2 (t)

]
=
[
h1,1 h1,2 h1,3 h1,4
h2,1 h2,2 h2,3 h2,4

]⎡⎢⎢⎣
pa
pb
pc
pc

⎤
⎥⎥⎦+

[
n1(t)
n2(t)

]
, (12)
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Figure 5 Theoretically expected throughput per slot curves for covered scenarios. Expected throughput as a function of slots per tag
population F/N for J = M = 2NRA acknowledgements in the Cyan Set following Equation (10).
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Table 6 Maximal theoretical throughput for covered
scenarios

System Fopt/N Tps RTps

M = 1 J = 1 1 0.368 1.000

M = 2 J = 2 0.618 0.841 2.285

M = 4 J = 4 0.345 1.879 5.106

M = 8 J = 8 0.207 3.073 8.351

The table shows optimal ratio Fopt/N, maximal theoretical throughput for
covered scenarios and its relative improvement in the Cyan Set (see Appendix 3
for more details).

where rpp1 (t) and rpp2 (t) are parts of the received sig-
nals containing the postpreamble from antennas 1 and 2,
respectively.
In this scenario, tags 3 and 4 share the same post-

preamble, pc, and we cannot use an LS channel estimation
technique from [12]. To overcome this situation, we pro-
pose a collision recovery procedure that consists of two
phases. The first phase is performed by a successive inter-
ference cancellation (SIC), and the second is a projection
of the constellation into the orthogonal subspace of the
interference.

4.1 Successive interference cancellation
During this phase, we take out the signals from the tags
with a unique postpreamble. Here, we assume that collid-
ing tags are perfectly synchronized. The block diagram of
the SIC architecture is shown in Figure 6.
The SIC begins with channel estimation according to

Equation (3). Since these estimates are not correct for the
tags with the same postpreamble, we use them just as aux-
iliary results. First, we cancel the signal from the strongest
tag with unique postpreamble. This signal corresponds to

the strongest channel coefficient and is found as the max-
imum among each columns of

∥∥∥Ĥ∥∥∥2
F
, where ‖·‖2F denotes

the Frobenius norm. Through this, we ignore the signals
from tags with the same postpreambles [21]. Additionally,
we extract the tag modulation signals â(t) with the MMSE
receiver from Equation (2). Furthermore, we remodulate
the signal from the strongest tag j and subtract it from the
received signal [21]:

r̄(t) ← r̄(t) − ĥjâj(t).

Here, ĥj =[ ĥ1j, .., ĥij, .., ĥNRA j]
T is the column vector of

channel coefficients between the reader, the strongest tag
j and the receiving antennas i = 1, 2, ..,NRA.
Through this procedure, the received signal is cleaned

from the influence of the strongest tag with its unique
postpreamble, and the channel coefficients that corre-
spond to this tag are stored. The new signal, r̄(t), together
with the new set SM of postpreambles without the post-
preamble that corresponds to the strongest tag signal, is
used as an input signal for the next iteration of the SIC.
In-phase/quadrature (IQ) diagrams of a received sig-

nal at antennas 1 and 2, when four tags are colliding, are
presented in Figure 7. Here, it is difficult to detect states
due to the superposition of many tag signals. During the
successive interference cancellation, the signals from tags
with a unique postpreamble are taken out. The remain-
ing signal, after SIC, consists of the signals from the tags
with the same postpreamble, tags 3 and 4, whose IQ dia-
grams are shown in Figure 8. The channel coefficients that
correspond to this signals are estimated by a projection
of the constellation into the orthogonal subspace of the
interference from [10].
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Figure 6 Block diagram of successive interference cancellation architecture.
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Figure 7 IQ diagram of the received signal from tags 1 to 4 at
antennas 1 and 2.

4.2 Channel estimation with projections
After SIC, the remaining signal is composed of signals that
originate from two tags. Thus, theoretically, we should be
able to differentiate 2R=2 = 4 states in the IQ diagram of
Figure 8: the state when both tags are absorbing Ĉa,a

i , the
state when both tags are reflecting Ĉr,r

i and the states in
which one tag is absorbing and one is reflecting Ĉa,r

i , Ĉr,a
i

[21].
The tag response to the reader’sQuery command begins

with the preamble, according to the EPCglobal standard
for UHF RFID [1]. During the preamble, both tags modu-
late the same bits 0 and 1 (subspace Cr), and the reflecting
state is estimated [21]:

Ĉr,r
i = max{ri[ k] }t1bit . (13)

−0.1 0 0.1 0.2 0.3 0.4 0.5

−1.5
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−0.5

0

IQ signal after SIC (1st antenna)

−2 −1.5 −1 −0.5 0
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−0.5

0

IQ signal (2nd antenna)

Figure 8 IQ diagram of the remaining signals (tags 3 and 4) at
antennas 1 and 2, after SIC.

Here, ri[ k] is the sample of the received signal from ith
antenna taken within the duration of the first preamble bit
t1bit.
The absorbing state is determined by averaging the

received signal over the time period T before the tag
response Ĉa,a

i = E{ri[ k] }T .
The remaining states occur when tags modulate differ-

ent data during an RN16 and are estimated as the points
with the maximal signal strength in a subspace orthogonal
to Cr [10,21]:

Ĉa,r
i = max

k
{ri⊥[ k] } , Ĉr,a

i = min
k

{ri⊥[ k] } , (14)

where ri⊥[ k] is the signal component located in the
orthogonal subspace.
Using the fact that the modulation signals are perfect

on-off keying, the remaining channel coefficients are as
follows:

ĥi,1 = Ĉr,r
i − Ĉa,r

i , ĥi,2 = Ĉr,r
i − Ĉr,a

i . (15)

With this, we have finished the channel estimation pro-
cess, and the tag signals are extracted by the MMSE
receiver from Equation (2).
Generally, the remaining signal after SIC is composed of

the signals from tags with the same postpreambles. How-
ever, this signal is disturbed by the channel, noise and
accumulated errors during the SIC process. As the distur-
bances are higher, there are more intersections, leading to
a less accurate channel estimation.

5 Performance analysis
The performance analysis is achieved through Monte
Carlo simulations. In the simulated system, the RFID
reader has one transmitting and up to four receiving
antennas NRA. In a first experiment to validate our pre-
dicted performance metrics, the number R of tags that
are active in one slot is kept fixed and can be set from
one, i.e. transmission without collision, to up to eight,
when eight tags are colliding in one slot. The channel
between the reader’s transmit antenna, the tag and the
receiving antenna of the reader is modelled as a double
Rayleigh fading channel as in [10]. Furthermore, imperfec-
tions like additive noise, an imperfect channel estimation,
errors accumulated during successive interference cancel-
lation and a non-ideal projection of the constellation into
the orthogonal subspace of interference are assumed in
this simulator. Additionally, we assume that colliding tags
are perfectly synchronized and that the reader can exactly
determine the size of the tag population. The influence
of such parameters is left to be investigated in the future
work.
As a performance measure, we observe the bit error

ratio (BER) and the average number of successfully
received packets (NSRP) per slot for different levels of
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average signal-to-noise ratios (SNRs). The SNR is aver-
aged over the receiving antennas as explained in [11]. In
NSRP calculations, the part of the signal that contains the
RN16 number is considered as one packet. The NSRP is
averaged over Niter = 50 · 10 SNR[dB]

10 + 50 iterations [21],
guaranteeing approximately the same quality (confidence
interval) in the results. Around each point in the BER
figures, a confidence interval that contains 95% of the
obtained results is plotted to evaluate the quality of the
simulations.
In the following, we present simulation results for

an extreme scenario in which eight tags per slot
are colliding but in which two tags have identical
colour and the remaining six tags have unique colours
(2 + 1 + 1 + 1 + 1 + 1 + 1) so that we can expect them
to resolve. In Figures 9, 10, 11, 12, 13 and 14, the results
for the MMSE receiver with up to four receiving anten-
nas (NRA = 1, 2, 3, 4) are shown. Figures 9 and 12 represent
BER and NSRP results, respectively, obtained by receivers
with perfect channel knowledge. For these receivers, we
do not perform channel estimation, and the postpreamble
distribution does not have any influence. Thus, there is no
decrease in the system performance, and we will use them
as reference to the highest achievable performance of the
designed system.
Results obtained with the receivers that apply an

LS channel estimation method instead are shown in
Figures 10 and 13, for BER and NSRP, respectively. It
can be observed that since two out of eight colliding
tags have the same postpreamble, the channel cannot be

estimated correctly by a standard LS estimator, and the
MMSE receiver cannot recover from this collision. The
BER curves are saturating at high values. Nevertheless,
some packets are decoded correctly as the NSRP curves
show that in average more than four packets can be cor-
rectly received with four antenna receivers (NRA = 4).
Hence, the errors are mostly concentrated in packets from
tags with the same postpreamble, while the packets from
the other six tags are less affected.
In Figures 11 and 14, the results obtained from the

proposed smart receiver with the two-phase channel esti-
mation and collision recovery are presented. Even though
the BER values are significantly higher when compared
to the reader with perfect channel knowledge, the per-
formances in NSRP are comparable. It can be observed
that a reader with four receiving antennas can successfully
recover from this collision and in average can success-
fully receive almost seven packages. Corresponding BER
and NSRP figures in the case of four tags transmitting
simultaneously (2 + 1 + 1) are presented and discussed in
[21].
As an additional performance measure, the through-

put per slot for different levels of the average SNR is
investigated. The throughput per slot is calculated for
all tags that a reader with i receive antennas and colli-
sion recovery factor M can resolve from a collision (R =
1, . . . ,M). The probability that exactly R tags are active
in one slot is taken into account. Furthermore, for each
number of colliding tags R, the corresponding proba-
bilities of solvable scenarios, listed in Table 5, are also
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Figure 9 BER over SNR for MMSE receivers (R = 8; perfect channel LS, 2 + 1 + 1 + 1 + 1 + 1 + 1).
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Figure 10 BER over SNR for MMSE receivers (R = 8; estimated channel LS, 2 + 1 + 1 + 1 + 1 + 1 + 1).

included. All solvable scenarios are simulated separately
and averaged over Niter iterations. The results obtained
from simulation are multiplied with the corresponding
scenario probability and with the corresponding probabil-
ity that exactly R tags are active in one slot. By combining
all individual collision scenarios, the throughput per slot

can be calculated semi-analytically as a function of SNR:

TpsFSA,i(SNR) =
M∑
R=1

PR ·
⎛
⎝S(R)∑

l=1
Psl (R) · Sdsl

i,R(SNR)

⎞
⎠ ,

i = 1, 2, ..,NRA

(16)
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Figure 11 BER over SNR for MMSE receivers (R = 8; estimated channel SIC and the projection, 2 + 1 + 1 + 1 + 1 + 1 + 1).
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Figure 12 NSRP over SNR for MMSE receivers (R = 8; perfect channel, 2 + 1 + 1 + 1 + 1 + 1 + 1).

where Sd
sl
i,R (SNR) denotes the average number of success-

fully decoded tags in a system with i receive antennas in
scenario sl, l = 1, 2, .., S(R). Variable Sd

sl
i,R (SNR) represents

the average number of packets in a slot that are correctly
received, and at best, it is close to Rsol

sl (R). The values

of Sd
sl
i,R (SNR) are taken from simulations and are thus

dependent on the SNR. In Equation (16), PR represents
the probability that exactly R tags are active in one slot,
and this probability is calculated based on Equation (11)
for the optimal value Fopt taken from Table 6. The
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Figure 13 NSRP over SNR for MMSE receivers (R = 8; estimated channel LS 2 + 1 + 1 + 1 + 1 + 1 + 1).
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Figure 14 NSRP over SNR for MMSE receivers (R = 8; estimated channel SIC and the projection, 2 + 1 + 1 + 1 + 1 + 1 + 1).

probabilities of scenarios Ps1 , . . . ,PsS(R)
are taken from

Table 5.
In the case of perfect channel knowledge, the collision

scenarios are irrelevant, and thus, we obtain the even
simpler semi-analytical form [21]:

TpsoptFSA,i(SNR) =
M∑
R=1

PR · Sdi,R(SNR). (17)

Here, the probability PR is calculated according to
Equation (11) for Fopt taken from Table 3, and the val-
ues of Sdi,R (SNR) correspond to those of Sd

sl
i,R (SNR) but

are now obtained from simulations with perfect channel
knowledge.
A comparative overview of the expected throughput per

slot for the MMSE receiver with a different number of
receiving antennas in case of up to eight tags transmitting
in one slot is presented in Figure 15. In our simulations, we
included all cases from R = 1 to R = 8 collisions, which
are equivalent to 93.5% of all cases for the given value
of the optimal frame size Fopt. Our simulation results in
Figure 15 reflect very well that we are only able to resolve
74.3% of these cases. The missing 6.5% of collisions larger
than R = 8 would not change the results considerably. The
maxima of the theoretically expected throughputs based
on perfect channel knowledge are indicated by the hori-
zontal solid lines according to Equation (4), also listed in
Table 3 (third column Tps), while the maxima of the theo-
retically expected throughputs from postpreamble-based

channel estimation are represented by the dotted horizon-
tal lines according to Equation (10), also listed in the third
column Tps of Table 6. In Figure 15, the receivers with
perfect channel knowledge are represented by solid curves
(obtained based on Equation (17)), and the proposed
receivers with postpreamble-based channel estimation in
the Cyan Set are represented by dotted curves (obtained
based on Equation 16). In both cases, the corresponding
groups of curves are approaching their theoretical max-
ima very well. At high SNR, the simulated curves attain
their theoretical maxima from Equation (4) (the case
with perfect channel knowledge) and from Equation (10)
(the case with postpreamble-based channel estimation).
While the curves for single antenna systems with M = 1
and M = 2 are exhibiting the same performance with
postpreamble-based channel estimation as with perfect
channel knowledge, for two antennas, there is a slight loss
visible, and for NRA = 4 antennas, the loss due to chan-
nel estimation is quite pronounced. It can be observed
that at a high SNR of 30 dB, the throughput per slot
increases dramatically when compared to the conven-
tional reader even though the performance is hampered
by channel estimation losses. In the case of a receiver
with channel estimation and collision recovery factor
M = 8, the throughput per slot is still more than eight
times higher than that of a conventional system (plotted
with the blue curve). Even though we have not covered
all of the collision scenarios with the proposed receiver
but just the Cyan Set, the obtained results are quite
satisfactory.
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Figure 15 Throughput in the case of perfect channel knowledge vs. throughput based on postpreamble channel estimation in Cyan Set.
Continuous horizontal lines are bounds according to Equation (4), and dashed horizontal lines are following Equation (10).

Based on Figure 15, we observe the Tps for the different
values of SNR, and according to that, we recalculate how
many tags are left for the next frame in the same inven-
tory round. For a receiver with collision recovery factor
M = 8, for example, the Tps value at the SNR = 15 dB
is Tps15 dB = 2.805. The theoretically expected maximal
throughput per slot is Tpsf = 3.073 for Fopt/N = 0.207
(Table 6). Taking into account the optimal frame dura-
tion, the average number of tags that are successfully
decoded within the duration of the first frame is Ndec =
round

(
Tps15 dB · Fopt

) = 581. Thus, for the next inven-
tory round, N left = 419 tags are left. On the other hand, a
conventional receiver has a maximal throughput per slot
Tps = 0.368 for a frame size equal to the tag population
size Fopt/N = 1, and at the SNR = 15 dB, Tps15 dB =
0.212. Accordingly, within the first frame duration, a con-
ventional receiver successfully reads out Ndec = 212 tags,
and N left = N − Ndec = 788 tags are left for the next
round.
Assuming that the reader recalculates optimal frame

sizes for the residual tag population N∗ = N left before
announcing the next frame, the following Figures 16 and
17 are obtained. For the new tag population, the opti-
mal frame size is calculated according to the ratio from
Table 6, and Ndec = round

(
Tps15 dB · Fopt

)
. The new

residual tag population is N left ← N∗ − Ndec and so on.
The number of residual tags, tags that still have not been

decoded, versus the number of elapsed slots is shown in
Figure 16. For the reader with collision recovery factor

M = 1, a number of 4,693 slots (22 frames) are nec-
essary to decode 99.5% of the tags in the reader range.
A reader with collision recovery factor M = 2 needs
2,447 slots (19 frames) to decode 99.6%, while the readers
with higher collision recovery factors are much faster. The
reader that is capable of recovering from a collision of up
to four tags active in a slotM = 4 and acknowledges all of
them spends 775 slots (19 frames) for successfully decod-
ing 99.6%, and the reader with M = 8 decodes 99.7% of
tags in just 355 slots (7 frames).
In Figure 17, the number of decoded tags versus the

frame index is shown for different receivers. These values
are also listed in Table 7 along with the optimal frame sizes
Fopt.
In Table 8, the necessary number of slots is presented for

reading a fixed percentage of the tag population together
with the relative improvement compared to the conven-
tional reader with collision recovery factor M = 1. In the
case of our smart collision recovery reader receiver, the
relative improvement is larger than 13 times at a realistic
SNR of 15 dB. As compared to the throughput increase
at SNR = 30 dB, the relative improvement at SNR =
15 dB is much higher and in accordance with Figure 15 as
expected.

6 Conclusion
In this work, we have analysed the theoretical through-
put of an FSA RFID system.We have studied the influence
of several parameters on the system throughput, and we
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Figure 16 Number of residual tags vs. number of used slots.

found the maxima of the theoretically expected through-
put for receivers with different collision recovery factors
and for different receiver architectures. We have investi-
gated the benefits of an additional postpreamble to the
throughput, and we observed that without taking into
account the receiver structure and the channel estimation
method, it is possible to increase the system through-
put by more than 17 times. On the other hand, if the
receiver structure is taken into account, then a throughput

increase of more than 12 times can still be achieved for
a reader capable of successfully reading and acknowledg-
ing up to eight tags per slot. In these calculations, it is
assumed that the readers have perfect channel knowledge.
However, in order to recover from a collision, a reader
needs to perform channel estimation. For the channel esti-
mation procedure, the tags are augmented by postpream-
bles. Based on this, we can differentiate several collision
scenarios, and if we include the probability of scenarios
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Figure 17 Number of decoded tags vs. number of frames.
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Table 7 Number of decoded tags and optimal frame
duration at SNR = 15 dB

M = 1 M = 2 M = 4 M = 8

Fopt N
dec

Fopt N
dec

Fopt N
dec

Fopt N
dec

1,000 212 618 252 345 455 207 581

788 167 462 188 188 248 87 244

621 131 346 141 102 134 36 101

490 104 259 105 56 74 15 42

386 82 194 79 31 41 7 20

304 64 145 59 17 22 2 6

240 51 109 44 9 12 1 3

that can be resolved and the number of tags that can be
successfully decoded, the maximal theoretical throughput
is still about eight times the throughput of a conventional
system at 30 dB SNR. For theoretical calculations, it is
assumed that the reader can successfully decode all tags
with unique postpreambles, regardless of the scenario,
and also all tags colliding in scenario 2, where exactly two
of colliding tags share an identical postpreamble.
Practically, for recovering from scenario 2 collisions,

we propose a two-phase collision recovery procedure. In
the first phase, the signal part from the tags with unique
postpreambles is taken out during a successive interfer-
ence cancellation process, while in the second phase, the
remaining signal, originating from the tag pair with the
same postpreambles, is resolved using the projection of
the constellation into the orthogonal subspace of the inter-
ference. The so obtained results show that the proposed
method provides satisfactory results.
Moreover, the necessary time to read out a high tag pop-

ulation is investigated.We showed that at the average SNR
of 15 dB, a smart reader with collision recovery factor
M = 8 successfully decodes all tags in the reader range,
more than 13 times faster than a conventional reader, and
performances are considerably enhanced.

Table 8 Number of slots spent for decoding 95%, 98% and
99.5% and relative improvement at SNR=15 dB

Slot
M = 1 M = 2 M = 4 M = 8

Relative improvement

95%
4 481 2 334 720 338

1 1.920 6.224 13.257

98%
4 623 2 408 743 349

1 1.920 6.222 13.246

99.5%
4 693 2 445 754 354

1 1.920 6.224 13.257

The table shows the number of slots spent for decoding for decoding 95%, 98%
and 99.5% and the relative improvement at SNR = 15 dB for NRA = {1, 2, 4}
antennas and corresponding collision recovery factorM = {1, 2, 4, 8}.

Appendix 1
Approximation of TpsM
The number of tags in the reader range N is much big-
ger than the number of colliding tags R that our reader is
capable of resolving (N 
 R). Taking this into account,
the first part of Equation (4)

(
N
R

)
= N · (N − 1) · . . . · (N − R + 1)

R!
(18)

can be approximated by

(
N
R

)
≈ NR

R!
. (19)

The part
(
1 − 1

F
)N−R for F 
 1 can be approximated by

(
1 − 1

F

)N−R
≈
((

1 − 1
F

)F
)N−R

F

=
((

1 + 1
−F

)−F
)

︸ ︷︷ ︸
≈e−1

N−R
F

(20)

≈e−
N−R
F . (21)

Using that N 
 R, we finally can approximate
Equation (4) by

TpsM ≈
M∑
R=1

NR

R!

(
1
F

)R
e−

N
F R (22)

≈
M∑
R=1

(
N
F

)R
e−

N
F

1
(R − 1) !

(23)

≈
M∑
R=1

(
F
N

)−R
e−

1
F/N

1
(R − 1) !

. (24)

Thus, the entire expression is a function of F/N .
If we approximate our functions now as functions of x =

F/N , they take on the form:

TpsM ≈
M∑
R=1

x−Re−
1
x

1
(R − 1) !

, (25)

which offers them to differentiate with respect to x and to
find the maxima for throughput and thus the optimal F/N
ratio.
The obtained optimal ratios F/N for maximal through-

put are [1; 0.618; 0.441; 0.340; 0.275; 0.230; 0.197; 0.172]
for R = 1, 2, . . . , 8. When compared with simula-
tion results, this approximation shows an almost perfect
agreement.
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Appendix 2
Approximation of TpsC
Following the approximations from Appendix 1 now for
N
C 
 RC and F 
 1, Equation (5) can be approximated by

TpsC ≈ C
JC∑

RC=1

(
F

N/C

)−RC
e−

1
F C/N

1
(RC − 1) !

. (26)

Furthermore, we can approximate this term now as a
function of x = F/N :

TpsC ≈ C
JC∑

RC=1
(C x)−RC e−C x 1

(RC − 1) !
. (27)

This allows to differentiate with respect to x and to
find the maxima for throughput and thus the optimal
F/N ratio. When compared with simulation results, this
approximation shows an almost perfect agreement.

Appendix 3
Approximation of Tpsf
Using the approximations fromAppendix 1, Equation (10)
can be approximated by

Tpsf ≈
M∑
R=1

(
F
N

)−R
e−

1
F/N

1
R!

·
⎛
⎝S(R)∑

l=1
Psl (R) · Rsol

sl (R)

⎞
⎠ .

(28)

Thus, the entire expression can be written as a function
of x = F/N .

Tpsf ≈
M∑
R=1

x−Re−
1
x
1
R!

·
⎛
⎝S(R)∑

l=1
Psl (R) · Rsol

sl (R)

⎞
⎠ (29)

Now we can differentiate with respect to x and find
the optimal F/N ratio that corresponds to the through-
putmaxima.When compared with simulation results, this
approximation shows an almost perfect agreement.
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